In this paper we discuss the existence of mild and strong solutions of abstract nonlinear mixed functional integrodi erential equation with nonlocal condition by using Sadovskii's xed point theorem and theory of fractional power of operators.
Introduction
Let X be a Banach space with the norm · . Let C = C [−r, ], X , < r < ∞, be the Banach space of all continuous functions x : [−r, ] → X with the supremum norm 
x(t) − w(t, x t )] + Ax(t) = f t, x t , t a(t, s)h(s, xs)ds, T b(t, s)k(s, xs)ds , t ∈ [ , T], (1.1) x(t) + g(x t , ..., x tp ) (t) = ϕ(t), t ∈ [−r, ], (1.2)
where −A is the in nitesimal generator of a compact analytic semigroup of uniformly bounded linear operators T(t) in X, < t < ..
. < tp ≤ T, p ∈ N, f : [ , T] × C × X × X → X, a, b : [ , T] × [ , T] → R, w, h, k : [ , T]
× C → X are continuous functions, g : C p → C is given and ϕ is a given element of C.
Many problems in the eld of ordinary and partial integrodi erential equations can be recasted as integral and integrodi erential equations. Several existence and uniqueness results can then be derived from the corresponding results of such integral and integrodi erential equations. These results can be obtained by applying various xed-point theorems. Fixed-point technique is therefore an important technique in proving existence and uniqueness theorems for integrodi erential equations. Many researchers have studied the problems represented by evolution equations by using di erent types of xed-point theorems.
Balachandran and Park in [4] using the Banach xed point theorem. In [6] , the authors prove the existence of solution of the Cauchy problem
using the Sadovskii's xed point theorem and the theory of fractional power of operators. In uenced and motivated by these two works, we present the existence of mild and strong solutions of a more general nonlocal problem (1.1)-(1.2), using Sadovskii's xed point theorem and theory of fractional power of operators.
Preliminaries
Before we state and prove our main results, we give the following preliminaries and hypotheses used in our subsequent discussions. For more details about the semigroup theory of operators we refer the readers to [9] .
Since the operator −A is the in nitesimal generator of a compact analytic semigroup of uniformly bounded linear operators We shall make use of the following hypotheses to prove our main results :
(H ) There exists a continuous function l :
(H ) There exists a continuous function p :
is a continuous nondecreasing function.
(H ) There exists a continuous function q : 
Remark 2.4
The functions a, b and p, q being continuous functions on compact domains there exist positive constants P, Q and λ, µ such that
Existence of mild solution
is integrable and if the following conditions are satis ed:
AT(t − s)w(s, xs)ds
+ t T(t − s)f s, xs , s a(s, τ)h(τ, xτ)dτ, T b(s, τ)k(τ, xτ)dτ ds, t ∈ [ , T]; (3.1) (ii) x(t) + g(x t , ..., x tp ) (t) = ϕ(t), t ∈ [−r, ]. (3.2)
Theorem 3.2 Suppose that the hypotheses (H ) − (H ) hold. Then the nonlocal problem (1.1)-(1.2) has a mild solution x on [−r, T] if
where
and if
Proof: De ne an operator
AT(t − s)w(s, xs)ds
Now, for s ∈ ( , t) and x ∈ Bm we use Lemma 2.1, hypothesis (H ) and the fact that xs C ≤ x B , so that we get,
Using this and the fact that the function s → AT(t − s) is continuous in the uniform operator topology on ( , t) we conclude that AT(t − s)w(s, xs) is integrable on ( , t) for every t ∈ ( , T] and x ∈ Bm. Therefore F is well-de ned and with values in B.
Now we obtain a m ∈ N such that F Bm ⊆ Bm. Suppose that for each m ∈ N there is a y m ∈ Bm and
where c denotes ϕ C .
We 
Since U ≥ , combining both the cases we obtain
Dividing by m on both sides of (3.12) we get
Now taking lim inf as m → ∞ on both sides of (3.13) and using (3.4) we get
But this contradicts our assumption (3.3). Thus there is a m ∈ N such that F Bm ⊆ Bm. Hereafter we will consider the restriction of F on this Bm and show that F has a xed point in this Bm. This xed point will be a mild solution of the nonlocal problem (1.1)-(1.2).
Next we consider the decomposition of the operator F as F = F + F where F and F are de ned on Bm by
and
We show that F is a contraction and F is a completely continuous operator on Bm.
To prove that F is a contraction let x, y ∈ Bm. Further for t ∈ [ , T], we use the condition (2.4), Lemma 2.1 and the fact that xs C ≤ x B and get 
(F un)(t) − (F u)(t) , inequalities (3.17) and (3.18) imply F un → F u in
Bm as un → u in Bm. Therefore F is continuous. Now we show that F Bm is uniformly bounded.
Let t ∈ [−r, ] and y ∈ Bm then we have (F y)(t) ≤ ϕ(t) + g(y t , ..., y tp ) (t)
≤ c + G. 
Now for t ∈ [ , T], we use hypotheses (H ) − (H ) and condition (2.6), so that we obtain (F y)(t) ≤ U c + G + t l(s) ys C + s a(s, τ)h(τ, yτ) dτ +

T b(s, τ)k(τ, yτ) dτ ds
Using condition (3.5), (3.6) and (3.20) we further obtain
Again, since U ≥ we combine (3.19) and (3.21) so that we obtain
This implies that the set (F y)(t) : y B ≤ m, −r ≤ t ≤ T is bounded in X and hence F Bm is uniformly bounded in B .
Now we prove that F maps the bounded set Bm into a precompact set of B. We rst show that F maps Bm into an equicontinuous family of functions with values in X. For this let y ∈ Bm , s , s ∈ [−r, T] and consider the following cases.
Case1: Suppose ≤ s ≤ s ≤ T, then using hypotheses (H ) − (H ) and conditions (3.5), (3.6), (3.20) we get
The compactness of T(t) for t > implies the continuity in the uniform operator topology. Therefore the right hand side of the above inequality tends to zero as s → s .
Now proceeding as in Case1 for the integral on right hand side of the above inequality we obtain To prove that the set F Bm is precompact in B it is su cient to show that the set {(F y)(t) : y ∈ Bm} is precompact in X for each t ∈ [−r, T]. Let t ∈ [−r, ], then by hypothesis (H ), the set
is precompact in X. Now let < t ≤ T be xed and ε a real number satisfying < ε < T. For y ∈ Bm de ne
Since T(t) is a compact operator and the set F Bm is bounded in B, the set Yε(t) = (Fε y)(t) : y ∈ Bm is precompact in X for every ε, < ε < t. Moreover for every y ∈ Bm we have
Now using hypotheses (H ) − (H ) and conditions (2.6), (3.5), (3.6), (3.20) we obtain
This shows that there exists precompact sets arbitrarily close to the set (F y)(t) :
Hence the set (F y)(t) : y ∈ Bm is precompact in X for every t ∈ [−r, T]. Therefore by Arzela-Ascoli Theorem F is a completely continuous operator. Hence F = F + F is a condensing map on Bm. Now applying Sadovskii's xed point theorem as given in Lemma 2.2 we obtain a xed point x of F in Bm. Thus the nonlocal problem (1.1) -(1.2) has a mild solution and the proof is complete.
Existence of strong solution
De nition 4.1 A function x ∈ C [−r, T], X is said to be a strong solution of the nonlocal problem (1.1)-(1.2), if the following conditions are satis ed :
(t, s)h(s, xs)ds, T b(t, s)k(s, xs)ds , a.e. on ( , T]
, and 
In addition suppose that (H ) f (., ., ., .) is Lipschitz continuous, i.e. there exist a constant N > such that
(H ) There exist positive constants R and S such that 
So suppose that ≤ s ≤ s ≤ T, then using hypotheses (H ) − (H ), (H ), Lemma 2.1, condition (4.1) and the boundedness of Aw( , .) we get
AT(s − s)w(s, xs)ds
+ s AT(s − s) w(s + s − s , xs+s −s ) − w(s, xs)ds + s −s T(s − s)f s, xs , s a(s, τ)h(τ, xτ)dτ, T b(s, τ)k(τ, xτ)dτ ds + s T(s − s) f s + s − s , xs+s −s , s+s −s a(s + s − s , τ)h(τ, xτ)dτ, T b(s + s − s , τ)k(τ, xτ)dτ ds − f s, xs , s a(s, τ)h(τ, xτ)dτ, T b(s, τ)k(τ, xτ)dτ ds ≤ U A ϕ( ) − g(x t , ..., x tp ) ( ) − w( , x ) s − s + V A −β + L * s − s + s −s A −β T(s − s)A β
w(s, xs) ds
Now as done in the case (1) of equicontinuity of F Bm in proof of the above theorem 3.1 we can show that
Using this we further obtain 
